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CNj , tower describing the iflC-category equivariant with respect to coactions of 

a compact Lie group satisfying the Hodgkin condition. A dual Pimsner- 
Voiculescu tower is used to show that coactions of a compact Hodgkin-Lie 
group satisfy the Baum-Connes property. 
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Introduction 



When G is a second countable, locally compact group and A is a separable C*- 
\l ' algebra with a continuous G-action, the Baum-Connes conjecture states that 

the K-theory of the reduced crossed product Ax^ G can be calculated by means 
' of geometric and representation theoretical properties of G and A, see more in 

. [3]. To be more precise, the Baum-Connes conjecture states that the assembly 

' mapping pi^ : Kf{SG;A) K^.XA xi^ G) is an isomorphism. The space SG is the 

. universal proper G-space and K^{SG;A) is the proper equivariant K"-homology 

' with coefficients in A. There are known counterexamples when /i^ is not an 

. isomorphism, so it is more natural to speak of groups having the Baum-Connes 

property. In [10) , the equivariant JC-homology with coefficients in A was proved 
to be the left derived functor of F(A) = K^(A G) and the assembly mapping 
being the natural transformation from ILF to F. The approach to the Baum- 
Connes property using triangulated categories can be generalized to discrete 
' quantum groups, see [5], which indicates that geometric techniques such as 

universal proper G-spaces can be generalized to discrete quantum groups. 

The generalization of the Baum-Connes property to quantum groups has 
been studied in for instance jXI] and [T^. The case studied in [Tl^ is that of 
quantum group actions of the dual of a compact Lie group which correspond to 
coactions of the Lie group. In [llj duals of compact Lie groups were shown to 
satisfy the strong Baum-Connes property, i.e. the embedding of the triangulated 
category generated by proper coactions, the C*-algebras that are Baaj-Skandalis 
dual to trivial G-actions, into the K"K-category equivariant with respect to coac- 
tions is essentially surjective. In this paper we construct an analogue of the 
Pimsner-Voiculescu sequence for coactions of a compact Hodgkin-Lie group G 
that describes how the KK-c&tegory equivariant with respect to coactions of G 
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is built up from the C*-algebras with coactions of G which are proper in the 
sense of [TT]. 

The starting point is to express the Pimsner-Voiculescu sequence for TL- 
actions in terms of a property of the representation ring of a rank one torus. 
Using the Universal Coefficient Theorem, the Pimsner-Voiculescu sequence can 
be constructed from a Koszul complex 

o^ii(r)-^R(r)^o, 

where a is defined as multiplication by 1 — t under the isomorphism R(r) = 
TL\t, t~^\. When A has a coaction of T, i.e. a Z-action, the tensor product over 
R(r) between this Koszul complex and ^^(Ax:^ gives the Pimsner-Voiculescu 
sequence. In the generalization to higher rank, when T is a torus of rank n we 
consider the Koszul complex 

^ A^RiiTT A"-iR(r)" ^ . . . ^ A^RCT)" ^ R(r)" ^ R(r) ^ 0. 

The boundary mappings in this complex are defined from interior multiplication 
with the element — t;)e* e Homx(Y-)(R(r)",R(r)). If G is a compact Hodgkin- 
Lie group with maximal torus T, the representation ring R[T) is a free R(G)- 
module by [TS], so the generalization from a torus to compact Hodgkin-Lie 
groups goes in a straightforward fashion. Just as when the rank is 1, the Koszul 
complex above can be used to produce sequence of distinguished triangles which 
is the analogue of a Pimsner-Voiculescu sequence for the K-theory of crossed 
products by coactions of G. 

We will give a geometric description of a sequence of distinguished triangles 
in the JCK"-category equivariant with respect to coactions of G that corresponds 
to the above Koszul complex under the Universal Coefficient Theorem. As for 
the Pimsner-Voiculescu sequence for Z we will obtain a projective resolution of 
the crossed product by a coaction in the sense of triangulated categories rather 
than exact sequences. Using suitable tensor products we produce in Theorem 
13.41 a sequence of distinguished triangles in the JCK-category equivariant with 
respect to coactions of G that we call the generalized Pimsner-Voiculescu tower 
for A: 

® A ^ S"D„_i(A) ^ S"I5„_2(A) ^ • • • 




S€"'" ®A-« ° S^C"''^"-! (8)A-« ° 

■ S"D2(A) ^ S"Di(A) ^ t(A x:, G) . 




Here tCAx^G) denotes the C*-algebra Ax^ G equipped with the trivial G-action 
and the terms Di(A) can be exphcitly described as a braided tensor product. 
Taking K-theory of the lower row will give a complex similar to the Koszul 
complex that in a sense forms a projective resolution of the JC-theory of A xi G. 
The dual Pimsner-Voiculescu gives a more precise description of the results of 
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[TT] by a sequence of distinguished triangles in KK'^ that describes the crossed 
product A G in terms of G — C*-algebras with trivial G-action, thus giving a 
direct route to the strong Baum-Connes property of G. 

The paper is organized as follows; the first section consists of a review of 
KK-theoiy of actions and coactions. In particular we gather some known results 
about the braided tensor product and the Drinfeld double which plays a mayor 
role in constructing the dual Pimsner-Voiculescu tower. The main references 
of this section are [T], [2], [3], [7], [TU], [H] and [T^. In the second section 
a geometric construction of the Pimsner-Voiculescu sequence for K-actions is 
presented and generalized to higher rank via a Koszul complex. In the third 
section the restriction functor for coactions is used to generalize the Pimsner- 
Voiculescu sequence to coactions of compact Hodgkin-Lie groups G. As an 
example of this we calculate the JC-theory of some compact homogeneous spaces. 
By similar methods, a dual Pimsner-Voivulescu tower is constructed in KK'^, 
following the ideas of [TU]. At the end of the paper we discuss some possible 
generalizations to duals of Woronowicz deformations. 

Acknowledgments The author would like to thank Ryszard Nest for posing 
the question on how to explicitly construct the crossed product of a G — C*- 
algebra from trivial actions and for much inspiration in the writing process. 

1 Actions and coactions of compact groups 

The standard approach to equivariant K"-theory is to introduce equivariant KK- 
theory. If A and B are two separable C*-algebras with a continuous action of a 
locally compact group G, the equivariant KK- group KK'^(A,B) is defined as the 
set of homotopy classes of G-equivariant A— B-Kasparov modules which forms an 
abelian group under direct sum. The K"K-groups can be equipped with a product 
such that if C is a third separable C*-algebra with a continuous G-action there 
is an additive pairing called the Kasparov product 

KK'^iAB) X KK^(_B, C) ^ KK^(^A, C). 

Following the standard construction, we let KK'^ denote the additive category 
of all separable C*-algebras with a continuous G-action and a morphism in KK'^ 
from A to B is an element of KJC^(A,B). The composition of two JCK'^-morphisms 
is defined to be their Kasparov product. The group KK'^[(C,A) coincides with the 
equivariant JC-theory of A. In particular, if G is compact KK'^{<C, (D) = i?(G), the 
representation ring of G. The action of R(G) on equivariant K"-theory generalizes 
to an R(G)-module structure on the bivariant groups KK'^(A,B). 

The category KK'^ can be equipped with a triangulated structure with a map- 
ping cone coming from the mapping cone construction of a *-homomorphism. 
The triangulated structure on KK'^ is universal in the sense that any homotopy 
invariant, stable, split-exact functor on the category of C*-algebras with a con- 
tinuous G-action defines a homological functor on KK"^. The construction of 
the triangulated structure and its universality are thoroughly explained in [TU] . 
Let us just recall the basics of the construction of the triangulated structure on 
KK^. The suspension EA of a G - C*-algebra is defined by CqCR) ® A. By Bott 
periodicity = id. A distinguished triangle in KK'^ is a triangle isomorphic to 
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one of the form 

C(/) 




B, 



where C(/) is the mapping cone of the equivariant *-homomorphism / -.A—^B. 
In particular, if / : A — > B is a surjection and admits an equivariant completely 
positive splitting the natural mapping ker(/) — > C(/) defines an equivariant 
KK"-isomorphism, so under suitable assumptions a distinguished triangle is iso- 
morphic to a short exact sequence. 

How to construct KK-theory of coactions of groups is easiest seen in the 
simpler case when G is an abelian group. If A is a C*-algebra equipped with an 
action a of the abelian group G, the crossed product Ax^ G carries a natural 
action of the Pontryagin dual G. This action is called the dual action of G. 
Since abelian groups are exact, the crossed product by an abelian group defines 
a triangulated functor KK'^ —> KK'^. The crossed product by the dual action is 
described by Takesaki-Takai duality which states that there is an equivariant 
isomorphism 

A X, G XI, G = A® JTCL^CG)), 

where Axii-Gx^G is equipped with the dual action of G and the G-action on 
A ® jr(L2(G)) is defined as a® Ad. Takesaki-Takai duality implies that the 
crossed product defines a triangulated equivalence KK^ KK'^. 

An action a of a group G on A defines a *-homomorphism A„ : A^ ^(A® 
Cq(G)) by letting A^{a) be the function g ^ ag(a). When G is abelian there 
is a natural isomorphism Co(G) = C*(G) and a G-action corresponds to a non- 
degenerate *-homomorphism : A — > .>#(A®^;„ C*(G)) satisfying certain con- 
ditions. The first instance of a coaction of a group G is on C*(G). Using 
the universal property of C*(G), one can construct a non-degenerate mapping 
A : C*(G) M{C*{G) ®^j„ C*(G)) called the comultiplication and is induced 
from the diagonal homoniorphism G — » G x G. Clearly, the mapping A satisfies: 

(A ® id)A = (id ® A)A, 

so we say that A is coassociative. Since A21 = A the comultiplication A is 
cocommutative, so if we interpret C*(G) as the functions on a reduced locally 
compact quantum group G then G can be thought of as abelian, see more in 
[7]. With the abelian setting as motivation, we say that a separable C*-algebra 
A has a coaction of the locally compact second countable group G if there is 
non-degenerate *-homomorphism A^ : A^ >^(A®^,„ C*(G)) satisfying the two 
conditions that A^(A) ■ 1^ ®min C*{G') is a dense subspace of A®^,„ C*(G) and 
that A^ is coassociative in the sense that 

(A^ ® idc.(G))AA = (id^ ® A)Aa. (1) 

A separable C*-algebra equipped with a coaction of G will be called a G — C*- 
algebra. Sometimes we will abuse the notation and call a coaction of G a G- 
action. An example of a coaction is the dual coaction on C*-algebras of the form 
A = B X, G, for some G — C*-algebra B. When G is discrete we can decompose 
B xi^G by means of the dense subspace ©^ggBA^ and the dual coaction is defined 



4 



by A^(bAg) := bAg ® Ag. In the general setting, the construction of the dual 
coaction goes analogously and we refer the reader to [T] . 

Much of the theory for group actions also hold for group coactions, the 
crossed product will as for abelian groups be a stepping stone back and forth 
between actions and coactions. In fT, the KK-theory equivariant with respect 
to a bi-C*-algebras and the corresponding Kasparov product was constructed. 
In [12] it was proved that the KK-theory equivariant with respect to a locally 
compact quantum group has a triangulated structure defined in the same fashion 
as for a group. 

Let us explain the setting of [T] more explicitly in the case of coactions 
of a group. An A — B-Hilbert bimodule S is called G-equivariant if there is a 
coaction 5g : S —> 5£^^ c*(G)(5®mmC*(G), <f(8iC*(G)) satisfying a coassociativity 
condition similar to ([1} and bg should commute with the A-action and B-action 
in the obvious ways. By Proposition 2.4 of [T], the coaction 5g is uniquely 
determined by a unitary Vg e if ((ogi^^CB C*(G)),<S'(8)C*(G)) via the equation 
= V^jC^ ®Ajj j) foi' X ^ S and y e B ®mm C*(G). A G-equivariant A — 
B-Kasparov module is an A — B-Kasparov module F) such that is a G- 
equivariant A— B-Hilbert module and the operator f commutes with the unitary 
Vg up to a compact operator. The group KK^(A,Bi) is defined as the homotopy 
classes of G-equivariant A — B-Kasparov modules. The additive category KK'^ 
is defined by taking the objects to be separable G — C*-algebras and the group 
of morphisms from A to B is KK'^(A,B). The composition in KK'^ is Kasparov 
product of G-equivariant Kasparov modules. 

To a closed subgroup H of G, the restriction of a G-action to H defines a 
restriction functor i?e5^ : KK'^ —> KK^ and its right adjoint is the induction 
functor Ind^ : KK^ —> KK'^. However the restriction goes in the other direction 
for coactions. When H is a closed subgroup of G, there is a non-degenerate 
embedding C*(H) C .^(C*(G)) so a coaction of H can be restricted to a coaction 
of G. This construction defines a triangulated functor Res^ : KK^ KK'^ . 

The crossed product B B xi^ G sends a G — C*-algebra to a G — C*-algebra 
and if G is exact the crossed product induces a triangulated functor KK'^ —> KK'^. 
In order to construct a duality similar to Takesaki-Takai duality one introduces 
the crossed product by a coaction. If A is a G — C*-algebra we define 

Ax, G := [A^(A)- l^igCoCG)] C .^(A® JTCL^CG))). 

It follows from Lemma 7.2 of [2] that Ax, G forms a C*-algebra. For a thorough 
introduction to crossed products by coactions see [13]. The C*-algebra A x, G 
carries a continuous G-action defined in the dense subspace A^(A) • 1^ ® Co(G) 

by 

g.CA^Ca) • 1^ ® /) := A^(a) • 1^ ® g.f. 

Similarly to the abelian setting, Takesaki-Takai duality holds so there are equiv- 
ariant isomorphismsBx,Gx,G=B(2)jr(L2(G))andAx,Gx,G=A(8ijr(L^(G)) 
which ensures that the crossed product defines an equivalence of triangulated 
categories known as Baaj-Skandalis duality. 

The tensor product on the category of G — C*-algebras is well defined. If A 
and B have actions a respectively ^ of G the tensor product A B can be 
equipped with the action a® jS : G —>■ Aut(AiSin^inB). However, for a non-abelian 
group G the construction of a tensor product of G — C*-algebras can not be done 
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by just taking tensor products of the C*-algebras. The tensor product relevant 
for G — C*-algebras is the braided tensor product over G which requires one 
further structure. Suppose that A is a G-algebra with a continuous G-action a. 
If the action a satisfies that 

A^oa^=ia^®Adig))AA (2) 

we say that A is a Yetter-Drinfeld algebra. An example of a Yetter-Drinfeld 
algebra is C*(G) with G-action defined by the adjoint action G —> Aut(G). It 
is much easier to construct a Yetter-Drinfeld algebra from a G — C*-algebra, if 
A is a G — C*-algebra we can in a functorial way define a coaction of G on A 
by setting A^(a) := a 1. When A is a Yetter-Drinfeld algebra, the C*-algebra 
Ax,- G is also a Yetter-Drindeld algebra since the morphism is covariant with 
respect to the G-action and extends to a coaction of G on A ><ir G, see more 
in [12]. This construction is functorial and the crossed product can be seen as 
a functor on the category of Yetter-Drinfeld algebras. 

When A is a Yetter-Drinfeld algebra and B is a G — C*-algebra we define the 
mappings 

lA-A^ •^(A®™^ B ® J^iL\GW, t(a) := A„(a)i3 

Following [12], the braided tensor product AlElgB is defined as the closed linear 
span of (.^(A) • 1^(5). By Proposition 8.3 of [16 , AKlg B forms a *-subalgebra of 
.^(A(8)n,;„B ® J^r(L^(G))) so the braided tensor product is a C*-algebra. The 
coaction of G on A Klg B is defined by 

A^ Elg AeiUa) ■ igib)) := (t^ ® idXA^ia)) ■ (tg (8> idJCA^Cb)). 

Observe that since C*(G) is cocommutative, the adjoint G-action is trivial and a 
similar construction of a braided tensor product over G between G — C*-algebras 
with trivial G-actions coincides with the usual tensor product. In general, the 
braided tensor product over G does not need to coincide with the usual tensor 
product. By Lemma 3.5 of [12] there is a G-equivariant isomorphism 

(AIEIgB) xir G = (Ax, G)IE1gB (3) 

where the G-coaction on the right hand side is the trivial one on B. More 
generally, this identity holds for any quantum group and in particular also for 
braided tensor products over G. We will prove this statement in special case of 
braided tensor products over a compact group G with C(G) below in Lemma 

US 

If we interpret the structure of a Yetter-Drinfeld algebra as two actions of 
the quantum groups G and G satisfying a certain cocycle relation, the cocycle 
defines a quantum group by means of a double crossed product such that Yetter- 
Drinfeld algebras are precisely the C*-algebras with an action of this double 
crossed product. The right quantum group to look at is the Drinfeld double 
D(G). Using the notations of quantum groups, the algebra of functions on D(G) 
is Co(G, C*(G)) = Co(G)® C*(G) with the obvious action and coaction of G. The 
action and coaction define a comultiplication 

Ad(g) : Co(D(G)) - ^(Co(i)(G)) ® Co(D(G))) 
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by Ao(G) := cr23Ad(Vy23)(Ac„(G) ® Ac,(g)) where W e miL^G) ^Si L\G)) is the 
muhiphcative unitary of G defined by W/(gj,g2) = /(gi,gig2)- The comulti- 
phcation A^i^g) makes D(G) into a quantum group by Theorem 5.3 of [3]- A 
Yetter-Drinfeld algebra A with the action a and coaction correspond to a 
D(G) — C*-algebra by defining the D(G)-coaction 

A^^''^ := (A„ ® id) A^ -.A^J^^A Q(D(G))), 

see more in Proposition 3.2 of [12 . Therefore we can consider the braided tensor 
product as a tensor product between D(G) — C*-algebras and G — C*-algebras. 
The braided tensor product induces a biadditive functor 

KIg : KK'^'^^^ X KK^ KK^. 

Much of the theory of coactions can be done without introducing any quantum 
groups, but in order to construct the Pimsner-Voiculescu sequence for coactions 
of compact Hodgkin-Lie groups we will need the braided tensor product as a 
biadditive functor between KiiT-categories. 

2 The Pimsner-Voiculescu sequence from the view- 
point of representation rings 

In this section we will study the Pimsner-Voiculescu sequence for Z and gener- 
alize to a Pimsner-Voiculescu tower for Z". We will use representation theory 
to calculate all the mappings explicitly. These calculations will in a surpris- 
ingly straightforward way give a natural route to a Pimsner-Voiculescu tower 
for coactions of compact Lie groups. 

Consider the evaluation mapping I : CgCR) QC^)- This mapping fits into 
a Z-equivariant short exact sequence 

- SCo(K) - Co(R) ^ Co(Z) - 0. (4) 

The Z-equivariant Dirac operator ^ on ]R defines a S-equivariant odd un- 
bounded K-homology class, thus an element [^] e KJ<:^(Co(]R), S€). While R 
is the universal proper Z-space the element [^] is the Dirac element of Z and 
the strong Baum-Connes property of Z implies that [I^] is a KK^-isomorphism. 
The exact sequence (|4|) induces a distinguished triangle in KK^ which after using 
the isomorphism QCR) = SC and rotation 4 steps to the left becomes 

Com — ^ Qm (5) 

\/ 

c. 

In a certain sense, the distinguished triangle ^ captures the entire behavior of 
the Pimsner-Voiculescu sequence. If A is a Z — C*-algebra we can apply Baaj- 
Skandalis duality to ([S]) and tensor with Ax^'Z. If we apply Baaj-Skandalis 



7 



duality again, we obtain a distinguished triangle in KK : 

A ^A 

^ / 
\ / 

where A Z is given the trivial Z-action. Taking JC-theory of this distinguished 
triangle gives back the classical Pimsner-Voiculescu sequence due to the follow- 
ing lemma: 

Proposition 2.1. When T is a torus of rank 1 and the element k e JfK-'^((D, (D) 
is defined using the isomorphisms KK'^[(C, €) = HomR(j,)(i?(r),K(r)) andR{T) = 
7L[t,t-^] as 

^/(t,t-i) = (l-t)/(t,t-i), 

the KK-morphism k is Baaj-Skandalis dual to the KK-morphism C^ijl^ — > QCZ) 
defined by 

Observe that the K-theory of the exact sequence ^ is described from the 
exact sequence: 

R(T) --^ R(r) ^ Z ^ 0, 

by Proposition l2.1l The first terms in this exact sequence is the Koszul complex 
defined by 1 — t e Homjj(j--)(R(r),R(r)) and Z is the cohomology of the Koszul 
complex. 

Proof. Let Kq g Hom^(7--)(i?(r),i?(r)) denote the Baaj-Skandalis dual of the JCK- 
morphism induced from (|4|). It follows directly from the construction that the 
mapping R^T) — > Z induced from SCq(Z) — > Cq(R) is the augmentation mapping 
^[f> ^ ^ onto the generator of KjCCqCIR)). Therefore the image of Kq is the 
ideal generated by either 1 + t of 1 — t so Kg is of the form u ■ (1 ± t) for some 
unit u e Z[t, t~^]. The sign and u = 1 is found by either a direct calculation or 
by considering the Pimsner-Voiculescu sequence for Co(Z). □ 

We will return to the Koszul complexes later on. First we will construct a 
geometric interpretation of the higher rank situation. Assume that T is a torus 
of rank n and consider the semi-open unit cube / = [0, 1 [" C ]R," . For i = l,...,n 
we define X; as the set of open i — 1-dimensional faces of /. The union satisfies 

U^^^X, = dini. 

We let fcj, for i = 1, 2, . . . n, denote the integers 




The set has fc; connected components so if we choose a homeomorphism 
]0, 1[= ]R there are homeomorphisms 

X;^]jR'-i for i = l,2,...,n, (6) 

j=i 

where we interpret R° as the one-point space. We take X; to be the ^"-translates 
of Uj^iXj and define 1^- := R" \ for 1 = 1, 2, . . . , n and Yq := R" . 
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Proposition 2.2. For i = 1,2, . . . ,n there are Wi" -equivariant isomorphisms 
Proof. By equation ([6]) there is a K"-equivariant liomeomorptiism 



meZ" v;=i y 

where acts by translation on the first disjoint union. Therefore 

Coa,-i)/Co(7,) ^ Co(y,_i \ Y,) = Co ( ]J ( LIh'-M I 

\mez" Vj=i J J 



□ 



Consider the classifying space R" for proper actions of Z". Since has 
the strong Baum-Connes property, the Dirac element [^] induces a KK^ - 
isomorphism Co(R") = E"(D. An alternative approach to constructing this iso- 
morphism is the Julg theorem which implies that for any T— C*-algebra A there is 
an isomorphism K^iA) = K,(Axi, T). Therefore KJ(S"C x Z") = i<:J(Co(R") xi K") 
and the statement follows from the Universal Coefficient Theorem for the com- 
pact Hodgkin-Lie group T, see more in [Tl] . 

For i = 1,2,. . . ,n, Proposition l2 .21 implies that there is a Z"-equivariant short 
exact sequence 



- Co(7,) - Co(7,_i) - C*^' ® S'-iCo(Z") - 0. 



(7) 



We will by e KK^" i&"S)Coi'Z''), C*^'+i®Co(Z")) denote the Z"-equivariant JCK- 
morphism defined in such a way that the extension class defined by ([7]) composed 
with the restriction mapping Cq(7;) <C^'+'^ (8 I1'Cq(K") coincides with T,^~^Ki. 
Notice that y„ = Z"x]0,l[" and = K." so we have that Co(7„) = S"Co(Z") 
and Co(Yo) = Co(E,"), the latter being KJf ^"-isomorphic to Thus we get a 

sequence of distinguished triangles in KK"^": 




(8) 




A sequence of distinguished triangles of this type will be called a tower. The 
tower ([5]) in KK^ is the higher rank analogue of the distinguished triangle ([S]). 
The tower ([5]) can be generalized to contain any coefficient ring. 
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To find a better description of tlie morpliisms K; let us recall the notion of 
a Koszul complex. Let R denote a commutative ring and E an R-module. For 
simplicity we will assume that E is free and finitely generated, let us say of rank 
N. For an element v e Homj;(£,R), the Koszul complex of E with respect to v 
is the complex 

where each d^. is defined as interior multiplication by v. Since we have assumed 
E to be free, we may write v = '^Vie* for some Vi,V2, ...Vj^ and the dual 
basis e* of a basis 6;, i = 1,2, ...JV, of E. If the sequence Vj, V2, . . . , V;^ is a 
regular sequence the Koszul complex is exact except at R. The cohomology of 
the Koszul complex is in this case R/v{E) at R. See more in 0. 

The Koszul complex of interest to us is constructed from the module E := 
R(r)" over the representation ring of the torus T which has the following form: 

R(n = K[tf,...,tf]. 

Observe that Baaj-Skandalis duality and the Universal Coefficient Theorem im- 
plies that 

^Hom^^r^RiTf^MTf'-^l 

We have that R[T)^^ = A"~'"'"^£ so the lower row in (|5]) have the right ranks for 
coinciding with a Koszul complex. Let /, e Homj{(j.-)(A"~'"'"^£, A"~'£) denote the 
image of under the isomorphisms above. To simplify notations, we will by 
(e,)"^j denote the R(r)-basis of E coming from the isomorphism E =R(^T) ®^ 
and by (e*)"^j denote the dual basis. 

Theorem 2.3. Under the isomorphisms R^tY^' = A"~'"''^£ the mappings /; co- 
incide with interior multiplication by the element v := 2"^]^(1 — t^)e* . Therefore 
the sequence 

^ A"£ ^ A"-i£ ^...^A^E^E^ R(r) ^ 

defines a complex isomorphic to the Koszul complex of E whose cohomology at 
R[T) IS TL. 

Proof. While both and the mapping defined by interior multiplication by v 
are i?(r)-linear it is sufficient to prove that = v-iu for elements of the 

form u = e^^ A • • • A em„_i+i ^ A"~'^^£, where m^, . . . , m„_;+i G {1, 2, . . . , n}. Let 
('"p)p=n-i+i enumeration of all j = 1, 2, . . . , n such that ] ^ (^p)p=i^^- If 

we view Z" as a subset of IR" we can define C X,- as the open face in R" 
spanned by the vectors .^^ , e^^,^ .^^ , . . . . 

Under the isomorphism A""'+1e = Kj.jCC''' ® S'"iCo(K")) the element u 
corresponds to a JiT-theory class on X; which is trivial except on the face X^. 
Therefore there exists sequences of numbers (aj)p+\ (bjO^+i C % such that 

n-i+l 
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If j = 1,2 . . . , n— i + we will let X^j denote the open face spanned by the vectors 
)6m„ i+i)6m„ i+2 ' ' ' ' ^m„ ■ It foUows from restricting to X^j that aj = 1 since 
Bott periodicity implies that the index mapping K^.^CCoCX^)) Ki[Cq[X^ j)) is 
an isomorphism. In a similar fashion it follows that b,- = —1. 

While v(£) is the ideal generated by the regular sequence 1 — tj, 1 — . . . , 1 — 
t„, the cohomology of the Koszul complex is R(T)/v(E) = Z and the quotient 
mapping i?(T) — » Z coincides with the augmentation mapping. □ 

Consider the tower Baaj-Skandalis dual to ([5]). Given A,B & KK^ we can 
apply the homological functor KK^(A, — ®min to this tower. This functor is 
only homological on the bootstrap category if B is not exact, but all objects in 
the tower Baaj-Skandalis dual to ([5]) are in the bootstrap category. The lowest 
row of the corresponding tower in the category of R(r)-modules is a Koszul 
complex: 

^ A"Z" iSKKJ(A,B) A"-^^" 0KKJ(A,B) . . . (9) 
. . . ^ ® KKjiA, B) ^ KK^iA, B) ^ 

where 

n 

:= ^(1 - A Je* G Homi,^j-,iKKjiA,Br,KKj{A,B)) 

i=l 

and are the commuting equivariant automorphisms of A that are Baaj- 

Skandalis to the ^"-action on B x ^ T . The cohomology of this Koszul complex can 
be calculated from KK^{A,B). We will return to this subject in the next section 
in the more general case of Hodgkin-Lie groups and explain this procedure 
further. 



3 The generalized Pimsner-Voiculescu-towers 

As mentioned in the introduction, the representation ring R[T) is free over R(G) 
when G is a Hodgkin-Lie group, so the step to coactions of a compact Hodgkin- 
Lie group will not be too large. We will throughout this section assume that G 
is a compact Hodgkin-Lie group of rank n with maximal torus T. Recall that 
a group satisfies the Hodgkin condition if it is connected and the fundamental 
group is torsion-free. 

The embedding T C. G induces a restriction functor KK^ —> KK'^. Using the 
isomorphism f = Z", the tower ([8]) can be restricted to a KK'^ -tower: 

s"c*(r) Co( Vi) • • • 
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In order to work with this KK'^-tower we need to describe the terms C*(r) in 
the second row. 

Lemma 3.1. If G is a compact Hodgkin-Lie group with Weyl group of order w 
there is an isomorphism 

C*(r)^C"'®C*(G) in KK^. 

Observe that the condition on G to be a Hodgkin group is equivalent to G be- 
ing a torsion- free quantum group in the sense of Meyer, see |9j. The torsion- free 
quantum groups are the only non-classical discrete quantum groups for which 
there is a general formulation of the Baum-Connes property in terms of trian- 
gulated categories. In [TJ, coactions of compact non-Hodgkin Lie groups were 
considered and the "torsion" turned out to be the torsion elements of H^(G,S^). 
The less precise statement C(G/T) = (C^ in KK^ for some k is stated and proved 
in [TT]. An explicit calculation that fc = |W| can be found in [T^. We will re- 
view the conceptually important part of the proof of a Proposition in [11] which 
proves Lemma [3.11 aside from the calculation of fc. 

Proof. By [TS], the representation ring R{T) is free of rank w over the repre- 
sentation ring i?(G) if n-^{G) is torsion-free. If we let denote the localizing 
subcategory of KK'^ generated by (D and C(^G/T), Lemma 11 of [10] states that 
for A & 5^ the natural homomorphism 

is an isomorphism. Thus the representable functor on 5^ 

A KK'^iA, <C") = R[T) ®R{G) KK^{A, C) 

coincides with the representable functor 

A ^ KK'^iA, C{GIT)) = KK'^iA, €). 

The last isomorphism exists as a consequence of the fact that the induction 
functor Indj is the right adjoint of the restriction functor from G to T. So the 
Yoneda lemma implies that C{G/T) = (D" in 5^ and therefore in KK'^. Applying 
Baaj-Skandalis duality it follows that there is an equivariant JCK-isomorphism 
C*(r) = C"'(8)C*(G). □ 

Using Lemma IXD the tower takes the form: 



E"C"'®C*(G)' 



(10) 



S"-iC"'"®C*(G) 



EC"" ® C*(G) — C"' ® C*(G) 
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We will call this KK'^-towei the fundamental G— PV-tower. The dual fundamen- 
tal G— PV-tower is defined to be the KK'^-tower which is Baaj-Skandalis dual to 
the fundamental G— PV-tower: 

^-D„-i (11) 




D2 ^ Di ^ S"C(G) 




_^o_ j^i^wn (|~;, 



where D; := Co(Y,) xi^ G. 

As mentioned above, if A is a G — C*-algebra, the trivial coaction of G on A 
makes A into a Yetter-Drinfeld algebra. This follows from that C(G) is commu- 
tative so we can extend a G-action via the D(G)-equivariant *-monomorphism 
C(G) — » .^(Co(£'(G))). Clearly, a G-equivariant mapping is equivariant in this 
new D(G)-action. Furthermore, since mapping cones does not depend on the 
action, the trivial extension of a G-action to a D(G)-action is functorial and 
respects mapping cones. The following proposition follows from universality. 

Proposition 3.2. IfG is a locally compact group, the functor mapping a G — C*- 
algehra to a G- Yetter-Drinfeld algebra with trivial G-action defines a triangulated 
functor KK^ ^KK°''^\ 

Using the triangulated functor of ProDOsition l3.2[ we may consider the tower 
((TT|) as a tower in KK'-'^'^\ Applying a crossed product by G we obtain that also 
the tower (|TU)) is a tower in KK^'^^. For a C*-algebra B we will use the notation 
f(B) for the G — C*-algebra with trivial coaction, or in the context of G — C*- 
algebras t(B) will denote the G — C*-algebra with trivial action. Let us state 
and prove the corresponding version of ([3]) in a simple case of a braided tensor 
product over G with C(G), a more general proof can be found in |12] . 

Lemma 3.3. When B has a continuous G-action, there is a G-equivariant 
Morita equivalence 

{C{G)^B)^,G^M t{B). 
Proof. By Baaj-Skandalis duality, it suffices to prove that there is a G-equivariant 
isomorphism (C(G)®B)XrG = (C(G)XrG) (8 t(B). Denote the G-action on B by 
P and define the equivariant mapping (/Jq '■ L^iG,C{G,B)) —>■ (C(G) xi,- G) (8) t(B) 
by setting 

^o<.f)igi, §2) ■= /3g-i/(gi, g2)- 

The linear mapping ipg is a *-honiomorphism when L^{G,C{G,B)) is equipped 
with the convolution twisted by the G-action on C[G)®B. It is straightforward 
to verify that i^q is bounded in C*-norm so we can define if : (C(G) 8 B) x:,- 
G — > (C(G) xi,- G) (8)B by continuity. The *-homomorphism is an equivariant 
isomorphism since an inverse can be constructed by extending 

^-\f®bXg,.g2)■.= fig^,g2')P,,W 
to a *-homomorphism ^p~^ : (C(G) xi^ G) t(B) (C(G) (8 B) x:^ G. □ 
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Theorem 3.4 (The Pmisner-Voiculescu tower). Let G be a compact Hodgkin- 
Lie group of rank n and Weyl group of order w . For any separable G — C* -algebra 
A there is a KK^-tower 



^ S"D„_i(A) ^ S"-D„-2(A) ^ • • • (12) 




EC™ (8)A-« ° S^C"'''"-! " 

- E"D2(A) ^ S"Di(A) ^ t(A x:, G) 




where D^CA) := (Cq(7J® jr(L^(G)))Elg(Ax,. G) and is equipped with the G-action 
induced from the diagonal G-action on Co(l^) iS) ^(i^(G)). 

Observe that the D(G)-actions on the C*-algebras CgCY;) ® J^r(L^(G)) is de- 
fined to come from those on their Baaj-Skandahs duals Co(Y,) G, which are 
D(G) — C*-algebras in the dual G-actions on the crossed products and the trivial 
G-actions. So in general, -Di(A) is not the tensor product of Co(Yi) (8) J^r(L^(G)) 
and A x: r G . 

Proof. By Lemma l3.3l the G — C*-algebra A admits the equivariant Morita equiv- 
alence: 

[CiG)®(Ayi,G))yi,G~M KAyirG). (13) 

Furthermore, the isomorphism of equation Q holds for braided tensor products 
over G so while the G-actions on D; = CQ[Yi)'Xi^G are trivial there are equivariant 
isomorphisms 

(D, ® (A G)) G ^ ((Co(Y;) G) Kg (A G)) G ^ (14) 
^ (Co(7,) ® JTCL^CG))) Kg Xr G). 

Thus if we tensor the dual fundamental G— PV-tower (fTT|) by the G — C*-algebra 
Ax^ G we obtain a new KK'^ -tower which becomes the Pimsner-Voiculescu tower 
of A after applying Baaj-Skandalis duality, using the Morita equivalence and 
the isomorphisms (O. □ 

The Pimsner-Voiculescu tower is the generalization of the resolution 
in ^ to compact Hodgkin-Lie groups. Applying the cohomological functor 
KK(^—,B) to the Pimsner-Voiculescu tower we obtain a similar resolution of 
KK^[A G,B) in terms of KK^XA,B) as in Similarly, the homological 

functor KK{B, — ) applied to the Pimsner-Voiculescu tower gives a resolution 
of KK(^B,A X G) in terms of KK{B,A). Observe that since A has a G-action, 
the groups KK[(C"' (8)A,B) and KK[B, ® A) wih always have an K(G)-module 
structure and since R[T) is free over R[G) also an R(r)-module structure. 

As an example of this, we will use the Pimsner-Voiculescu tower to cal- 
culate the K-theory of the homogeneous space G/H when H C G is a Lie sub- 
group. More generally, this technique can be used to calculate JC^CAx^ G) for any 
G — C*-algebra A when one knows K^,(A) and its R(G)-module structure coming 
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from the Julg isomorphism K^{A) = K^(A G). To calculate K*{G/H), consider 
the C*-algebra A := C*(H) equipped with the G-action induced from the natu- 
ral mapping C*(H) — > ^(C*(G)). Green's imprimitivity theorem implies that 
C*(H) XI G is KJC-equivalent with C(G/H). Thus, if we take the JC-theory of the 
Pimsner-Voiculescu tower of C*(H) we obtain a tower of abelian groups of the 
form 



(15) 





■K%G/H) 



We use S to denote degree shift in the category of Z/2Z-graded abelian groups. 
Here we have used that R(T) is a free R(G)-module of rank w so K^,{(D" ® 
C*iH)) = R(r) ®R(G)R(H). Thus the lowest row is the tensor product of R(H) 
with the Koszul complex of R(T) that is associated with the regular sequence 
1 - ti,l - t2,...,l - t„ under the isomorphism R(r) = \ \ . . . , t;|=i]. 

If we restrict our attention to simple compact Lie groups we can perform an 
explicit calculation of all the groups in (jlSp . Assume that G = G„ is a simple com- 
pact Hodgkin-Lie group in the classical A, B,C- or D-series of rank n and assume 
that H = G;^ C G„ is a simple simply connected compact Lie group in the same 
classical serie being of rank k < n. We may take a maximal torus C G„ such 
that Tj. := r„ n Gj. is a maximal torus in Gj.. In this case we may consider R^Tj^) 
as an ideal in R(r„) and R^T^) (8)^(2 )-R(Gjf ) = R^Tj^) as R(rn)-modules. Under the 
isomorphisms RCT^) = S[tf \ . . . , t^^] and R(rj = S . . . , t^^] , the 

Koszul vector v is identified with XiLiCl - ti)e* e Hom(R(rfc)",R(rj). Thus we 
arrive at the tower 



•i^*_„(D„_i(C*(G,))))- 



sz"®^R(r,)^ — 

-i^*-„(Di(C*(G,))) 



5aR(rj^ 

-^K*iGjG,) 



S" A" z"®^R(ro 



Let us use the notation E* for the complex A"~*K" (8iR(rj,) equipped with the 
Koszul differential from the vector Xi=i(l ~ ^i)^^ which we as above denote by 
3; : E^~^ eK After some simpler calculations in this Koszul complex we arrive 
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at the conclusion that 

n+l 

K,_„(A(C*(G,)))^ker(5,+i)e S"-JH^(r). 

j=l+2 

Hence we obtain the isomorphism K*{Gj^lG^^ = 0"^]* S"~-'H-'(£*). These coho- 

mology groups are calculated in Corollary 17.10 of [5] and H^[E*) is a free group 
of rank fc(j) := (n — fc)!/(n — j)!(n — j — k)\ if < ; < n — fc and otherwise. 
Therefore 

n-k 

j=o 

Theorem 3.5 (The dual Pimsner-Voiculescu tower). Under the assumptions of 
Theorem \3.4\ there is a KK^ -tower 



t(A) ■ 



(16) 



SC"" ® t(A) ■ 



S"£)i(A) ^Ax,G 



S"€"' ® t{A) 



where bi[A) := D; A. 

For a homological functor F : KK'^ Ah, the dual Pimsner-Voiculescu tower 
of A allows us to calculate F{A] in terms of the objects F(C*(G) ® t(A)). As we 
shall see below, G — C*-algebras of the form C*(G) (8 t{A) behaves similarly to 
proper actions. Compare this result to Theorem 4.4 of [5]. 

Proof. Consider the braided tensor product by I1"A and the tower ([TU]) : 

V ® C*(G) Kg a ^ E"Co(7„_i) M^A ^ • ■ ■ 



^E"Co(7i)Kg^- 



■E"C" ®C*(G) ^gA 



Taking crossed product between this tower and G implies the Theorem since the 
following equivariant Morita equivalences follows from ([3]) 



(C*(G)K1gA)xi,G. 
(Co(Y;)KgA)>4,G. 



t(A) and 

(Co(i^) G) KGA=i), Kg A. 



□ 
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One of the main motivations behind this paper was to give a precise de- 
scription of the Baum-Connes property of duals of Hodgkin-Lie groups. The 
Baum-Connes property for coactions of compact Lie groups was given meaning 
to and was proved to hold in [TT]. More generally, this fits into the program 
of generalizing the Baum-Connes property to quantum groups. So far, it is not 
known what a suitable property the Baum-Connes property should be for a gen- 
eral locally compact quantum group. For discrete quantum groups which are 
torsion- free, in the sense of [HI, there is a formulation and as mentioned above 
duals of compact Hodgkin-Lie groups are torsion-free. 

The problem that arises when one tries to define the Baum-Connes assembly 
mapping for a quantum group is that there is no natural notion of a proper 
action and there are in general too many quantum homogeneous spaces. It is 
much easier to generalize certain notions of free actions than proper actions of 
a quantum group by just saying that an action of a discrete quantum group F 
on a C*-algebra A is truly free if there is a C*-algebra Aq and an equivariant 
^-isomorphism A=Aq QCF) with F only acting on the second leg. In the 
case of a group, there are many free actions that are not truly free but this 
stronger notion of a free action will suffice for our purposes. 

Restricting one's attention to generalizing the Baum-Connes property of the 
simpler class of torsion-free discrete groups to the quantum setting, when proper 
actions are free, Meyer introduced a class of quantum groups known as torsion- 
free in [3] . Following [S] , we say that a discrete quantum group F is torsion- free 
if every coaction of the compact quantum group F on a finite-dimensional C*- 
algebra is Morita equivalent to a trivial coaction on a direct sum of (D:s. This 
fact implies that any finite-dimensional projective representation of the dual 
compact quantum group is equivalent to a representation. If F is a discrete 
group, coactions of the dual compact quantum group on finite-dimensional C*- 
algebras that are not Morita equivalent to a trivial coaction on a direct sum of 
(D:s correspond to finite subgroups so a discrete group is torsion- free if and only 
if it is torsion- free in the sense of [5]. 

For a torsion-free quantum group a proper action should correspond to a free 
action. Under Baaj-Skandalis duality, a truly free F — C*-algebra corresponds to 
a trivial f -action. Let J^p denote the image of t : KK — » KK^ . The triangulated 
category ("^J^f) is defined as the localizing subcategory generated by S^'J^f. 
Following the formulation of F is said to satisfy the strong Baum-Connes 
property if the embedding of triangulated categories {'^J^t) KK^ is essentially 
surjective. The strong Baum-Connes property of F is equivalent to that any 
F — C*-algebra is in the localizing category generated by all truly free actions. 
So regardless of what notion of a proper action we choose, the strong Baum- 
Connes conjecture will imply that the localizing category generated by all such 
proper actions will be KK^ . The quantum group is said to satisfy the Baum- 
Connes property if the same statement holds after localizing with respect to the 
kernel of equivariant JC-theory. 

In [llj the Baum-Connes property was formulated in the slightly more gen- 
eral setting of duals of compact Lie groups. The finite-dimensional projective 
representations of a compact Lie group G correspond to the torsion classes of 
H\G,S^), which can be thought of as the torsion of G. When G is Hodgkin, 
H^(G,S^) is torsion-free so G is torsion-free. In this case a "proper" action is an 
object of the additive category generated by G-algebras that are Baaj-Skandalis 
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dual to Aq ® (D„, with (D„ denoting the endomorphisms of a projective represen- 
tation CO and Aq having trivial G-action. So the substitute in the setting of [TT] 
for proper actions is the category of tensor products between Baaj-Skandalis 
duals of coactions on finite-dimensional C*-algebras and trivial actions, just as 
the truly free actions form a substitute for proper actions of torsion-free quan- 
tum groups. The Baum-Connes property of coactions of a compact Hodgkin-Lie 
group is a direct consequence of Theorem l3.5l The method of proof of Proposi- 
tion 2.1 of [TT] can be used to generalize both Theorem 13.41 and Theorem l3.5l to 
arbitrary compact Lie group. 

Finally, let us mention a promising generalization of Theorem l3.5l to Woronow- 
icz deformations. It was proved in jl2) that the compact quantum group 5(7^(2) 
satisfies that C(S[/q(2)/r) is KK'^^^^i^^^^ -isomoTphic to for q e]0,l[. So if 

we apply the induction functor /nd^^' ^ : KK^ —>■ KK^^i'^^^ to the distinguished 
triangle Baaj-Skandalis dual to ([5]) and use the isomorphism of Nest-Voigt we 
arrive at the distinguished triangle in KK'-'^^^i^^^^: 

^ 




C(S[/,(2)). 

Using the technique from the proof of Theorem 13.51 anv Ae KK^^i^^^ fits into a 
distinguished triangle 

€^ ® t(A) 

\_ 

This distinguished triangle gives an alternative proof of the strong Baum-Connes 
property for S[/q(2), a result first proved in |17j . The interesting part about this 
proof is that it only relies on the isomorphism C{Gq/T) = (D"' in KK^^'^i^ . So 
if such an isomorphism exists for a simply connected semi-simple compact Lie 
group G, the strong Baum-Connes conjecture holds for G^, the quantum dual 
of the Woronowicz deformation of G. To formulate the Baum-Connes property 
for Gq we must of course know that it is torsion- free, a statement proved in |17| 
for G = SU(2) and the general case was proved in |^. Another striking applica- 
tion of such an isomorphism is that the method above for calculating K-theory 
of homogeneous spaces can be generalized to classical quantum homogeneous 
spaces of the Woronowicz deformations. 




18 



References 

[1] S. Baaj, G. Skandalis, C* -algebres de Hopf et theorie de Kasparov Equiv- 
ariante, K-theory 2, 683-721, 1989. 

[2] S. Baaj, G. Skandalis, Unitaires multiplicatifs et dualite pour les produits 
croises de C* -algehres, Ann. Sci. Ecole Norm. Sup. (4) 26 (1993), no. 4, 
425-488. 

[3] S. Baaj, S. Vaes, Double crossed products of locally compact quantum 
groups. Journal Inst. Math. Jussieu 4 (2005), 135-173. 

[4] P. Baum, A. Connes, N. Higson, Classifying space for proper actions and 
K-theory of group C* -algebras, C*-algebras: 1943-1993 (San Antonio, TX, 
1993), 240-291, Gontemp. Math., 167, Amer. Math. Soc, Providence, RI, 
1994. 

[5] D. Eisenbud, Commutative algebra. With a view toward algebraic geometry. 
Graduate Texts in Mathematics, 150. Springer- Verlag, New York, 1995. 

[6] M. GofFeng, A remark on twists and the notion of torsion-free discrete 
quantum groups, arXiv: 1004.0072 , to appear in Algebras and Representa- 
tion Theory. 

[7] J. Kustermans, S. Vaes, Locally compact quantum groups, Ann. Sci. Ecole 
Norm. Sup. (4) 33 (2000), no. 6, 837-934. 

[8] R. Meyer, R. Nest, Homological algebra in bivariant K K-theory and other 
triangulated categories I, Triangulated categories, 236-289, London Math. 
Soc. Lecture Note Ser., 375, Gambridge Univ. Press, Gambridge (2010). 

[9] R. Meyer, Homological algebra in bivariant K K-theory and other triangu- 
lated categories II, Tbil. Math. J. 1 (2008), 165-210. 

[10] R. Meyer, R. Nest, The Baum-Connes Conjecture via Localisation of Cat- 
egories, Topology, vol. 45 (2006), pp. 209-259. 

[11] R. Meyer, R. Nest, An analogue of the Baum-Connes isomorphism for 
coactions of compact groups. Math. Scand. 100 (2007), no. 2, 301-316. 

[12] R. Nest, C. Voigt, Equivariant Poincare duality for quantum group actions, 
J. Funct. Anal. 258, Issue 5 (2010), 1466-1503 . 

[13] I. Raeburn, On crossed products by coactions and their representation the- 
ory, Proc. London Math. Soc. 64 (1992), 625-652. 

[14] J.Rosenberg, C. Schochet, The Kiinneth theorem and the universal coeffi- 
cient theorem for equivariant K-theory and KK-theory, Mem. Amer. Math. 
Soc. 62 (1986), no. 348. 

[15] R. Steinberg, On a theorem of Pittie, Topology 14 (1975), 173-177. 

[16] S. Vaes, A new approach to induction and imprimitivity results, J. Funct. 
Anal. 229 (2005), no. 2, 317-374. 

[17] G. Voigt, The Baum-Connes conjecture for free orthogonal quantum groups, 
larXiv:0911.2999k ^l. 



19 



